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Answer all Questions. All questions carry equal marks.

1. (a) State and prove the theorem on integration by parts and use the theorem to prove the following;
Suppose fis a real continuowsly differentiable function on [a, b], f (a) =f (b) =0 and [ f f2()dx =
1. Prove thatazf o/ vdvy=—12.

_ (OR)
(b) Prove that [* fda < [* fda. (5 marks)
(c) 1) State and prove the necessary and sufficient condition for a function f to be Riemann-
Steiltjesintegrable with respect to a. (10 marks)
11) Any monotone function f: [0, 1]—R is Riemann Integrable. Justify. (5 marks)
(OR)
(d) 1) Suppose f€ R(X) on [a, b], m< f <M, ¢ is continuous on [m, M] and h(x) =(f(x)) on [a, b].
Then prove that he R(c<) on [a, b]. (10 marks)
ii) If f€ R(c)and g€ R(ex) on [a, b] then prove that
1) fg€ R(x)
2) If| € R(egand| [ fdo| < [?|f] da. (5 marks)

2. (a) Provethat for f;, (x) =n2x(1—x?)",0<x<1n=12..,

j (Jim £109)) dx # fim j fr @x

(OR)
(b) State and prove the Cauchy criterion for uniform convergence of sequence of functions.
(5 marks)

(c) State and prove the Stone-Weierstrass theorem.

(OR)
(d) If {f,, } 1s a sequence of continuous functions on a set E and if f;, = f uniformly on E, then prove
that f1is continuous on E. (15 marks)




3. (a) Let{@, @, ...} be orthonormal on 1 and assume that f€ L (I). If the sequence of functions {s;, } and
{t,} on1I are defined by s,, () = Yo 1 Br (%), £, () = YR b By (x), where ¢, = (f, @),
k=0,1.. nand by, b; ...b, are arbitrary complex numbers then for each n, prove that ||f — s, || <
|lf —t,|| and the equality holds if and only if b, =c;, fork =0,1...n.

(OR)
(b) State and prove the Bessel’s Inequality and Parseval’s formula. (5 marks)

(c) State and prove the Riemann-Lebesgue lemma and use the lemma to prove the following:

For f& L(—00, 400, limeco [, £ (£) 2% dt = [ LOT X g, (15 marks)

(OR)
(d) (i) Define Dirichlet’s kernel and prove that 1 + Y, coskor = %1—)2 X # 2mm

(i) If f € L[0,27t], f is periodic with period 27t and {s,, } is a sequence of partial sums of Fourier
series generated by f, 5, == + Y (@ coskx + bysinkx),n = 1,2 ... then prove that s, (x) =

1ZT f(;f w D, (t)dt (5+10 marks)

4. (a) Prove that the set of all linear transformations of R" into R™, [(R", R™) is a metric space
with respect to the norm defined by ||Al| = supy, < |Ax|, where A € L(R", R™).
(OR)
(b) If 2 is the set of all invertible lincar operators on R and for A € 2, B € L(R"), if]|B —
AA—1<1, then prove that A&/2 (5 marks)

(c) State and prove the inverse function theorem.

(OR)
(d) State and prove the implicit function theorem. (15 marks)

5. (a) Acup of tea at 98° C is placed inside a room with its roomtemperature 72° C , after 3
minutes its temperature reduces to 90° C , at what time the temperature will reduce to
80°C.

(OR)
(b) Explain rectilinear coordinate system with algebraic and geometric approach.
(5 marks)

(c) Derive the expression for Newton’s Law of Cooling.

(OR)
(d) Derivethe D’ Alembert’s wave equation for a vibrating string, (15 marks)




