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1.

(@) (i) State and prove mean value theorem.

OR
(i) If fis a real valued function defined on [a, b], T has local maximum at a point x € [a,b]
and f’(x) exists, then prove that f’(x) = 0. (5 marks)

(b) (i) Suppose f is continuous on [a,b], f'(x) exists at some point .x € [a, b], g is defined on an
interval | which contains the range of f and g is differentiable at the point f(x). If h(t) =
g(f(@®),a <t < b, then prove that h is differentiable at x and h'(x) = g'(f(x))f’ (x).

(9 marks)
(i) If f is a continuous mapping of a metric space X into a metric space Y and E is a connected
subset of X, then prove that f (E) is connected. (6 marks)

OR
(c) (i) Prove that a mapping f of a metric space X into a metric space Y is continuous on X if and only
if f=1(V) is open in X for every openset VinY.

(7 marks)

(i) Suppose f is a real differentiable function on [a,b] and suppose fla)<A<
f'(b). Prove that there is a point xe (a, b) such that f’(x) = A.

(8 marks)

(a) (i) Define a refinement of a partition P. If P* is a refinement of P then prove that L(P, f,x) <
L(P*,f,x)and U(P*,f,x) < U(P, f, x).
OR
@i) If f € R(a) and g € R(a) on [a, b], then prove that |f| € R(a) and|f:fda| < f:lflda.
(5 marks)

(b) State and prove a necessary and sufficient conditions for a bounded real valued function to be a
Riemann-Steiltjesintegrable. (15 marks)

OR
(c) (i) State and prove the theorem on Integration by parts.

(i) If fis a real continuously differentiable function on [a, b] with f (a) = f (b) =0 and f:fz(x)dx =

1, then prove that f(f xf(x)f' (x)dx = —% (5+10 marks)

(@ (i) Prove that for f,(x)=n?x(1—-x»)"0<x<1n=12.., fol (lim fn(x)) dx #
n—-0oo

lim [} f, (¥)dx.
OR
(i) Suppose {f,,} is a sequence of functions on a set E and |f,,(x)| < M,,x € E,n=1,2... then
prove that ), f,, converges uniformly on E if }; M,, Converges.
(5 marks)




(b) If {f,,} is a sequence of continuous functions on a set E and if f,, — f uniformly on E, then prove that
f is continuous on E.

OR
(c) State and prove the Stone-Weierstrass theorem. (15 marks)

(@) (i) State and prove the Bessel’s Inequality and hence derive the Parseval’s formula.
OR
(it) State and prove the Riesz-Fischer theorem. (5 marks)

(b) State and prove the Riemann-Lebesgue lemma and use the lemma to prove the following:
For f & L(—co,+0), lim [ f(£) =2 dt = f A0 gy, (15 marks)
OR
(c) (i) If g is of bounded variation on[0, ], then prove that
lim 2 [ g(6) " %dt = g(0+).

a—woT t

(ii) If f € L[0,2m], f is periodic with period 27 and {s,,} is a sequence of partial sums of Fourier series
generated by f, s, = =2+ Y?_, (a,coskx + bysinkx),
2

n = 1,2 ...then prove that s,,(x) = % fO"WDn(t)dt (8+7 marks)
(@) (i) State and prove the fixed point theorem.
(i) If 0 is the set of all invertible linear f))pRerators on R™ and for A € Q,B € L(R"), if||B —
A|lllA7Y]| < 1, then prove that B € 0. (5 marks)
(b) State and prove the inverse function theorem.
(c) State and prove the implicit function theorem.oR (15 marks)
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