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Answerallquestions.All questions carry equal marks 
 
1.  (a) (i) State and prove mean value theorem. 

OR 

(ii) If f is a real valued function defined on [𝑎, 𝑏], f has local maximum at a point 𝑥 ∈ [𝑎, 𝑏] 
and 𝑓’(𝑥) exists, then prove that 𝑓’(𝑥) = 0.                                                     (5 marks) 

 

(b) (i) Suppose f is continuous on [𝑎, 𝑏], 𝑓’(𝑥) exists at some point . 𝑥 ∈ [𝑎, 𝑏], g is defined on an 

interval I which contains the range of f and g is differentiable at the point f(x). If ℎ(𝑡) =
𝑔(𝑓(𝑡)), 𝑎 ≤ 𝑡 ≤ 𝑏, then prove that h is differentiable at x and ℎ′(𝑥) =  𝑔′(𝑓(𝑥))𝑓′(𝑥).  

                                                                                          (9 marks) 

(ii) If f is a continuous mapping of a metric space X into a metric space Y and E is a connected 

subset of X, then prove that f (E) is connected.                                         (6 marks) 

OR 

(c) (i) Prove that a mapping f of a metric space X into a metric space Y is continuous on X if   and only 

if 𝑓−1(𝑉) is open in X for every open set V in Y. 

                             (7 marks) 

   (ii) Suppose f is a real differentiable function on [a,b] and suppose    𝑓’(𝑎) < 𝜆 <
𝑓′(𝑏). Prove that there is a point x∈ (𝑎, 𝑏) such that 𝑓’(𝑥) = 𝜆.     

                                                                                  (8 marks) 

 

2.  (a) (i) Define a refinement of a partition P. If P* is a refinement of P then prove that    𝐿(𝑃, 𝑓, ∝) ≤
𝐿(𝑃∗, 𝑓, ∝) and 𝑈(𝑃∗, 𝑓, ∝) ≤ 𝑈(𝑃, 𝑓, ∝).    

OR 

(ii) If 𝑓 ∈ ℜ(𝛼) and 𝑔 ∈ ℜ(𝛼) on [a, b], then prove that |𝑓| ∈ ℜ(𝛼) and|∫ 𝑓𝑑𝛼
𝑏

𝑎
| ≤ ∫ |𝑓|𝑑𝛼

𝑏

𝑎
. 

                                                                                            (5 marks) 

 

(b) State and prove a necessary and sufficient conditions for a bounded real valued function to be a 

Riemann-Steiltjesintegrable.                                                      (15 marks) 

OR 

(c) (i) State and prove the theorem on Integration by parts. 

    (ii)  If f is a real continuously differentiable function on [a, b] with f (a) = f (b) = 0 and ∫ 𝑓2(𝑥)𝑑𝑥 =
𝑏

𝑎

1, then prove that∫ 𝑥𝑓(𝑥)𝑓′(𝑥)𝑑𝑥 = −
1

2

𝑏

𝑎
                                                               (5+10 marks) 

 

3. (a) (i) Prove that for 𝑓𝑛(𝑥) = 𝑛2𝑥(1 − 𝑥2)𝑛, 0 ≤ 𝑥 ≤ 1, 𝑛 = 1,2 …, ∫ ( lim
𝑛→∞

𝑓𝑛(𝑥))
1

0
𝑑𝑥 ≠

lim
𝑛→∞

∫ 𝑓𝑛
1

0
(𝑥)𝑑𝑥. 

OR 

      (ii) Suppose {𝑓𝑛} is a sequence of functions on a set E and |𝑓𝑛(𝑥)| ≤ 𝑀𝑛, 𝑥 ∈ 𝐸, 𝑛 = 1,2 … then 

prove that ∑ 𝑓𝑛 converges uniformly on E if ∑ 𝑀𝑛 Converges.      

                                                                                                  (5 marks) 
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(b) If {𝑓𝑛} is a sequence of continuous functions on a set E and if 𝑓𝑛 → 𝑓 uniformly on E, then prove that 

f is continuous on E.     

 

OR 

(c) State and prove the Stone-Weierstrass theorem.                               (15 marks) 
 

4. (a) (i) State and prove the Bessel’s Inequality and hence derive the Parseval’s formula. 

OR 

   (ii) State and prove the Riesz-Fischer theorem.                                (5 marks) 

 

(b) State and prove the Riemann-Lebesgue lemma and use the lemma to prove the following: 

For f ∈ 𝐿(−∞, +∞), lim
∝→∞

∫ 𝑓(𝑡)
1−𝑐𝑜𝑠∝𝑡

𝑡

∞

−∞
𝑑𝑡 = ∫

𝑓(𝑡)−𝑓(−𝑡)

𝑡
𝑑𝑡

∞

0
.                           (15 marks) 

OR 

(c) (i) If g is of bounded variation on[0, 𝛿], then prove that  

lim
𝛼→∞

2

𝜋
∫ 𝑔(𝑡)

𝑠𝑖𝑛𝛼𝑡

𝑡

𝛿

0
𝑑𝑡 =    𝑔(0+). 

   (ii) If 𝑓 ∈ 𝐿[0,2𝜋], f is periodic with period 2𝜋 and {𝑠𝑛} is a sequence of partial sums of Fourier series 

generated by f, 𝑠𝑛 =
𝑎0

2
+ ∑ (𝑎𝑘𝑐𝑜𝑠𝑘𝑥 + 𝑏𝑘𝑠𝑖𝑛𝑘𝑥),𝑛

𝑘=1  

𝑛 = 1,2 …then prove that 𝑠𝑛(𝑥) =
2

𝜋
∫

𝑓(𝑥+𝑡)+𝑓(𝑥−𝑡)

2
𝐷𝑛(𝑡)𝑑𝑡

𝜋

0
                           (8+7 marks) 

 

5. (a) (i) State and prove the fixed point theorem. 

OR 

    (ii) If 𝛺 is the set of all invertible linear operators on 𝑅𝑛 and for 𝐴 ∈  𝛺, 𝐵 ∈ 𝐿(𝑅𝑛), if‖𝐵 −
𝐴‖‖𝐴−1‖ < 1, then prove that 𝐵 ∈ 𝛺.   (5 marks) 

 

(b) State and prove the inverse function theorem. 

OR 

(c) State and prove the implicit function theorem.                                (15 marks) 
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