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Answer ALL thequestions:

I.a) i) Let T be alinear operator on afinite dimensiona space V and let ¢ be a scalar. Prove that the
following statements are equivalent:
1. cisacharacteristic value of T.
2. The operator (T-cl) issingular.

3. det (T-cl) =0.
(OR) (5)
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i) Let A=| -8 3 4| bethematrix of alinear operator T defined on R® with respect
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to the standard ordered basis. Provethat A is diagonalizable.

b) i) State and prove Cayley Hamilton theorem,

(OR) (15)
ii) Let V be afinite dimensional vector space over F and T be alinear operator on V. Then
prove that T istriangulableif and only if the minimal polynomial for T isa product of linear
polynomials over F.

I1.a) i) Let T be alinear operator on an n-dimensional vector spaceV. Let A be an n x n matrix.
Then prove that characteristic and minimal polynomialsfor T have the same roots, except
for multiplicities.
(OR) ®)
i) Let W be an invariant subspace for T. The characteristic polynomial for the restriction operator
Ty divides the characteristic polynomial for T. The minimal polynomial for T, dividesthe

minimal polynomial for T.

b. i) State and prove Primary Decomposition theorem.
(OR) (15)

ii) Let T be alinear operator on afinite dimensional space V. If T isdiagonalizable and if
C,,....C, arethe distinct characteristic values of T, then prove that there exist linear operators

E,..... E, onV such that
1. T=cE+..+¢E 2 1=E+..+E 3 EE =0i=] 4 Eah Eisaprojection
5. Therange of E; isthe characteristic space for T associated withc; .




1. a i) If B isan ordered basisfor W;, 1 <i <k, then prove that the sequences B = ($8;...8.) isan
ordered basis for W.

(OR) (5)

i) If W isan invariant subspace for T, then W isinvariant under every polynomial in T. Prove that for
each o in V, the conductor S(O(;W) isan ideal in the polynomial algebra F[X].

b. i) State and prove Cyclic Decomposition Theorem. (15)
(OR)

i) If W is T — admissiblethen prove that there existsavector o € V suchthat WnZ(a;T)={0}. (7)

iii) Let T be alinear operator on afinite-dimensional vector space V. Let p and f be the minimal
and characteristic polynomiasfor T, respectively. Then prove the following:
Q) p dividesf.
2 p and f have the same prime factors, except for multiplicities.
(3) if p=f...f istheprimefactorization of p, then

f=f%..f% whered; isthenullity of f,(T)" divided by the degree of f;. (8)

IV.a) (i) Let V beafinite dimensional inner product space and f be alinear function onV then prove that

there is a unique vector B in V such that f (o) = (/) Va e V.
(OR) 5)
(i1) LetV be a complex vector space and “f > aformon V such that f (o, o) isrea for every a.

Then provethat f is Hermitian.

(b) (i) Let V and W be finite-dimensional inner product spaces over the same field, having the same
dimension. If T isalinear transformation from V into W, then prove that the following are
equivalent.

() T preservesinner products
(i)  Tisand (inner product space) isomorphism.
(iif) T carriesevery orthonormal basisfor V onto and orthonormal basisfor W.
(iv) T carries some orthonormal basisfor V onto an orthonormal basisfor W. (15)
(OR)
(ii) Let V be afinite-dimensional inner product space, and let T be a self-adjoint linear operator on V.
Then prove that there is an orthonormal basisfor V, each vector of which is a characteristic
vector for T. 8

(iii) Let V be afinite-dimensional complex inner product space and let T be any linear operator on V.

Then provethat thereisan orthonormal basisfor V in which the matrix of T is upper triangular. (7)




V. a) (i) Let V bethe finite dimensional vector space over F. Let T bethe linear operator on V.

Then prove that T isdiagonalizable iff the minimal polynomial for T hasthe form
f(x)=(x-¢,)(x—¢,)..(x—¢) where ¢ c,..c, aredistinct characteristic elements.

(OR) ©)
(b) LetV be afinite-dimensional vector space over afield of characteristic zero, and let f be a symmetric

bilinear formon V. Then thereisan ordered basisfor V in which f is represented by a diagonal matrix.

b) (i) Let V be afinite-dimensional vector space over the field of complex numbers. Let f be asymmetric

bilinear form on V which hasrank r. Then prove that thereisand ordered basis 8 = {B; ..., Bn} for

V such that
(1) The matrix of f inthe ordered basis 8 is diagonal;
. 1, j=1,..r
(i)  f(b;,b;)= 0 isr
RS (15)
(OR)

(ii) Let V be an n-dimensional vector space over the field of real numbers, and let f be asymmetric

bilinear form on V which hasrank r. Then prove that there is an ordered basis {B1, B2,...,Bn} for

V inwhich the matrix of f isdiagona and such that f(Bj,bj) = +1, j=1, ..., r. Furthermore,

the number of basis vectors {3 for which f (Bj ,bj) = lisindependent of the choice of basis.




